In this paper we consider a model for determining the shape of a pipe laid by a barge. We investigate how the solution of a resulting second order non-linear differential equation depends critically on the (unknown) vertical bottom reaction force; by this we can explain some difficulties met when approximating the solution numerically. An important part of the analysis is based on studying a pendulum analogy in a time dependent gravity field, by which we obtain existence and uniqueness results.
Introduction
The transportation of gas or oil from offshore wells requires the installation of pipelines to connect the well to some mainland station.Typically such pipes are 16-36 inch in diameter and may be up to several hundreds of kilometers long. Usually these pipes are laid in relatively shallow (""' 50 m) and deep (-300m) water, although recently technology has been developed to handle very deep water (300-1000 m and more). Part of the technology is in the material of which the pipes are being made (high quality steel), but very much depends on the laying technique too. The main problem to be dealt with is buckling due to too high bending stresses during laying; pipe collapse due to a too high water pressure becomes also important at greater depths, but we shall not consider that problem here.
At present the pipes are being laid using a so called laybarge where the pipe sections are welded together, and then gradually released off the barge to the sea bed. If the welding ramp is horizontally positioned, the pipe is released via a (circular) stinger. According to the shape of the suspended pipeline this technique is called S-lay. If the welding ramp is in vertical position the technique is called J -lay.
Here we shall concentrate (although not in principle) on the S-lay technique, which is the usual one for not very deep water. The analysis we give below is equally applicable for J -lay configurations though.
Usually, the pipes are relatively thin-walled and, without additional weight, would float on the water. This weight is provided by application of a concrete coating, giving the pipes a net specific gravity of about 1.05 to 1.30 times that of water. (The value depends on the product to be transported, and the presence of sea currents.) This non-negligible own weight, especially in deep water, tends to give the pipe during laying a shape with such a high curvature, that without precautions the pipe would buckle.
Therefore, the laybarge is equipped with tension machines to apply a certain horizontal tension, just sufficient to stretch the S curve and reduce the bending stresses to a safe level.
The practical question now is: given a certain geometry, how much tension is needed and, furthermore, which is the optimal position of the stringer. On the one hand, repairing a buckled pipe is very expensive, but on the other hand, so are the tension machines and other equipment, so rather accurate calculations are required. Given the large number of parameters involved this problem has to be solved again for each new case, and a mathematical model including a computer program is obviously required (Ref. 1, 2, 3, 4, 5, 6, 7, 8, 9 ). This will be the subject of the present paper.
The problem as such arose from requests from offshore companies, who were interested in a routine efficient and fast enough for a small computer, to be used on board in order to be able to respond immediately to unforeseen variations in (e.g.) steel quality, concrete quality, or other problem parameters.
In trying to develop a program we hit severe numerical problems. In particular, since the problem is nonlinear, we were often not able to make the Newton method involved converge. In search for the phenomena behind this problem we encountered some interesting mathematical questions. An explanation of the aforementioned problem was the presence of a 'dose' family of other solutions. We shall treat this problem to some extent as we believe that it nicely demonstrates why numerical black boxes should be treated with great care, also in industrial problems; another reason is that the fairly messy nonlinear structure is elucidated substantially by invoking a mechanical analogy ( §3). The existence of the desired solution as a limiting case of the family of dose solutions is treated in §4. Finally, in §5 we consider some more mathematical questions, arsising as mere off shoots, in particular concerning the bending energy.
The model
In this section we shall derive a model for the problem outlined above and indicate some questions related to this problem. In figure 1 we have sketched the configuration of a laybarge. The pipe is guided into the water by a stinger having a certain uniform (adjustable) radius of curvature R. Typically three forces are exerted on the pipe: a) gravity, due to the not negligible net weight, b) a horizontal tension H, applied by the tension machines mounted on the vessel which is supposedly anchored, and c) the (unknown) vertical bottom reaction force V. We now like to find the shape of the pipe, given a horizontal force H. This force is needed to give the pipe a low enough curvature to prevent it from buckling. This buckling usually happens when the combined stress due to bending, tension, and water pressure exceeds the yield stress, i.e., the maximal stress that the steel can afford without plastic deformation.
We first reduce the problem parameters to a basic set. Introduce dimensionless quantities (2.5a)
For convenience we introduced an unspecified length D 0 , in order to prevent limiting cases as Q = 0, H = 0, L -+ oo, D-+ oo to produce artificially singular, and therefore less interpretable problems. So in general the number of dimensionless parameters may be reduced by one, and we may assume, for example, h = 1 or q = 1. So we obtain (2.6a)
with boundary conditions
By augmenting (2.6a) with (2.6b)
we have a fourth order ODE (2.6) with four BC (2.7). When this system is 'fed' into a BVP routine on a computer, one needs to specify initial estimates for t/J, ~' v, and I, as one has to solve by iteration, say using Newton's method. (For short, we will here and below always imply tP := t/;(mod21r)).
For convenience later we have denoted the dependence on v explicitly. Since we have no dependence on 1 any more, we have a third order problem now.
For the subsequent analysis, it is advantageous to introduce the first integral of (2.6a), which amounts to the elastic free energy density of the bent pipe (ref. 11) (2.9)
The total energy is then (2.10)
Intuitively we may expect the problem (2.8) not to have a unique solution (and, likewise, also (2.6), (2.7)), as the pipe could possibly make several bends and loops. In fig. 3 we have given some indication of the intrinsical behaviour of t/J (in cartesian coordinates) for various values of v. This observation is the clue to the numerical difficulties mentioned earlier: we shall show that the most natural solution of (2.8)
(with a minimal energy E) is dense in a family of solutions which are, at least numerically, close to the required one of (2.6) with (2.7) if dis large. This then explains why it is hard, sometimes impossible, to single out the desired one. To do this we shall employ a useful analogy which is introduced in the next section.
Pendulum analogy
The variety and character of the solutions of (2.6a) would be much easier predicted and classified if we can find an analogous problem, described by the same equation, but easier interpretable. away from the neighbourhood of 1rj2, and will eventually approach 31f/2 (though in an oscillatory way).
Especially in a numerical contex this is important because it implies that for only very small variations in v we may have several different solutions.
Existence of the 'critical' solutions of (2.8)
We now investigate the existence of the solution w(t, Ve), where Ve is such that we have the intuitively most likely solution of (2.8), as sketched in fig. 7 . In the next section we shall show that this solution has minimal bending energy. 
The sets V1 and V2 are constructed such that either ( 4.1a) or ( 4.1b) does not hold. (which, however, may be empty). subset of Vi. Since ;p(tl,n) < 0 we have with (2.6a)
so t1,n-+ oo, and we have thus constructed a sequence in V1 converging to Ve· <>
Further investigations of the equation (2.8)
It is interesting to note that we should expect a sequence of critical v values, of which Ve, considered in the previous section is just the first member. Intuitively this follows immediately from the pendulum analogy as mentioned in §3. Here we like to look for a more precise (though qualitative) characterization.
Before we do that we remark that the existence of another such 'critical v' will complicate the numerical problem, as sketced in §2, even more; for if we might zoom in on that wrong value, during some iterative procedure (say due to a completely off-value initial estimate for v), we not only encounter the troubles associated with so many close solutions, but also the fact that our solution is completely wrong, if it converges at all.
Let us recall the energy density relation (2.9). We can characterise a solution ,P(t, v) by its energy (5.1)
In our problemsetting we are interested more particularly in the case l -oo and the question therefore arises whether E 00 (v) exists. This question is addressed in the following two properties. 
